We calculate the entanglement entropy for a sphere and a massless scalar field in any dimensions. The reduced density matrix is expressed in terms of the infinitesimal generator of conformal transformations keeping the sphere fixed. The problem is mapped to the one of a thermal gas in a hyperbolic space and solved by the heat kernel approach. The coefficients of the logarithmic term in the entropy for 2 and 4 spacetime dimensions are in accordance with previous numerical and analytical results. In particular, the four dimensional result, together with the one reported by Solodukhin, gives support to the Ryu-Takayanagi holographic ansatz. We also find that there is no logarithmic contribution to the entropy for odd spacetime dimensions.
Introduction
The entanglement entropy has proved to be of relevance within many research fields, in particular, within the black hole physics [1] and quantum field theory contexts [2, 3] . It can be interpreted as a measure of the quantum correlations between two subsystems separated by a surface. By general considerations, the entanglement entropy S V associated to a spatial region V in quantum field theory can be expanded as
where d is the dimension of the space, ε is a short distance cutoff, the coefficients g i are local functions of the edge surface ∂V and S 0 is the finite part. This is due to the short range character of the ultraviolet quantum correlations, which makes the divergent part of S V to be determined by the geometry of ∂V . In (1), the coefficients g i with i > 0 are non universal in the sense that they depend on the regularization prescription. The non universal terms diverge with inverse powers of ε. On the other hand, the logarithmic term with coefficient g 0 is universal and then it has particular relevance since it is strictly related with the concerning theory.
Here, we study this term for the entanglement entropy associated to a sphere of radius R in d spatial dimensions ((d + 1) dimensional Minkowski spacetime) and a massless scalar field. For spherical sets and when the considered field theory is conformal invariant, the entropy writes S V = g 0 log(ε/R)+non universal terms, and the coefficient g 0 gives the only universal information contained in S V 1 . This coefficient has been related to the c-theorem in the context of the Maldacena duality [5] . In two spacetime dimensions, this coefficient is −(1/3) times the Virasoro central charge of the respective conformal field theory. For a scalar in two dimensions, it is g 0 = − 1 3 . This is a very well known result which has been obtained using different approaches, and it is among the first exact results available in the field [6] .
Fursaev and Solodukhin [7] have developed a generalized heat kernel expansion which is applicable to manifolds with general metric and conical singularities. This was used to evaluate divergent terms in the entropy in four dimensions using the replica trick. In [7, 8] , it was used to obtain the value of g 0 for black holes, which have horizon surfaces with zero extrinsic curvature. However, for flat space the contribution of the extrinsic curvature of ∂V is crucial in the geometric entropy. This contribution in four dimensions was obtained recently by Solodukhin in [9] . His approach consists in demanding conformal invariance of the most general geometric expression for the logarithmic contribution, and then using the Ryu-Takayanagi holographic ansatz [10] (which is applicable to the special case of the entanglement entropy of SU(N) superconformal gauge theories) in order to calibrate a free coefficient. In particular, it gives g 0 = 1/90 for the sphere and a scalar field. Recently, the same coefficient was calculated numerically in [11] improving the numerical method of Srednicki [12] . The numerical result is also g 0 = 1/90. An earlier paper questioned the validity of the application of the holographic ansatz for regions with boundary having nontrivial extrinsic curvature [13] . These doubts seem to be less justified in the light of the agreement of the results obtained by different methods on the value of g 0 for the sphere.
In this work we present the exact logarithmic coefficient for any dimensions computed analytically from first principles. In particular, the result for two and four dimensions agree with the results mentioned above. We also give the corresponding coefficients for the Renyi entropies.
The entanglement entropy is derived from the vacuum state reduced density matrix ρ V = tr −V |0 0| on the set V by S = −tr (ρ V log ρ V ). In general, a density matrix, as a Hermitian and positive operator, can be written as the exponential of a Hermitian operator. We write
This H is known in the literature as the modular Hamiltonian and it plays a central role in the algebraic approach to axiomatic quantum field theory [14] . There are only few cases in which H is exactly known. When V corresponds to half of a spatial plane, the modular Hamiltonian is proportional to the boost operator which keeps the wedge invariant [15] . This is a different way to express the result by Unruh: Taking the flow generated by the boost operator as a time flow, which coincides with the time meassured by constant accelerated observers, the vacuum state (2) in the region accessible to these observers is seen as a thermal one [16] . For conformal theories and spherical sets the modular Hamiltonian is known to be proportional to the generator of conformal transformations which keeps the sphere fixed [17, 18] . This follows from the result for the half-space by a conformal transformation. Thus, in this particular case, H has the remarkable property of being local.
We note that the relation (2) always admits a thermal interpretation of ρ V . Consider an internal time τ and the unitary evolution given by the operator ρ iτ V inside the algebra of the fields in V . Then, ρ V becomes thermal with respect to the time translations operator H, with temperature rescaled to 1. Our calculation of the entropy in this paper is based on this idea. We found that for any dimension, the state of the massless scalar field inside the sphere can be mapped to the one of a thermal gas of free bosons at temperature 1 living in a hyperbolic space. Then, we calculate the coefficient g 0 of the logarithmic term in (1) using the heat kernel approach in the evaluation of the corresponding partition function.
The thermal gas
For a conformal field theory and spherical sets, the modular hamiltonian is proportional to the generator K of infinitesimal conformal transformations which keeps the sphere invariant [18, 19] H = 2πK .
The normalization of K is fixed to recover the Unruh thermal effect ρ ∼ e −2πK , with K the boost operator, near the sphere boundary.
In particular, for a massless real scalar field φ(x), H is given by
where the integration dV = drr
dΩ is taken over the volume of a d-ball of radius R, and the integrand is the density j 0 of the Noether current corresponding to the one parameter group of conformal transformations leaving the sphere fixed. We rewrite the quadratic expression (4) as
in terms of the kernels M(x, y) and N(x, y). The π(x) in (5) is the momentum canonically conjugated to the field φ(x), which satisfy the standard equal-time commutation relation
From (4) we identify the explicit expressions for M and N,
with f (r) =
and ∆ =
After a Bogoliubov transformation of the fields and momentum variables, the Hamiltonian takes a diagonal form and the density matrix (2) writes [2, 20] 
in terms of independent normalized boson operators a n , a † n and the energy eigenvalues ǫ n . Eq. (9) corresponds to a thermal state of independent bosons with energy ǫ n and temperature T = 1. We note that the fact that the considered theory is free is what makes possible the mapping to a thermal gas of independent scalar particles.
The square of the energies, ǫ 2 n , is given by the eigenvalues of the product kernel NM [2]
for some invertible operator Q. Taking into account (9) and (10) is then possible to map the original problem of calculating the entanglement entropy for a scalar free field reduced to a spherical set, into a new one consisting on the evaluation of the entropy for a thermal gas of scalar particles with temperature T = 1 and Lagrangian
Indeed, the field equation for this theory gives the same spectrum as (10) for the energies. The relation between the entropy and the corresponding partition function is the standard one for a thermal state
In the next section we calculate the effective action W = − log Z(β) in terms of the heat kernel associated to the NM differential operator.
Heat kernel approach
Consider a general second order differential operator D of the Laplace-Beltrami type
where g µν can be interpreted as the inverse of a metric tensor. Following standard procedures [21] , D can be rewritten in the form
where the covariant derivative ∇ = ∇ [R] + w contains both Riemann ∇ [R] and gauge w parts. We may express E in terms of a µ and b in (13)
where the connection w µ and its Christoffel symbol Γ are given by
The expression (14) of the differential operator is more suitable for the application of the heat kernel in the evaluation of the partition function (12) . According to (10) and (13), the operator D = NM gives in spherical coordinates
The field strength ∂ µ w ν − ∂ ν w µ of the connection w µ is zero for all dimensions. Therefore, w µ can be removed by a "gauge" transformation which leaves invariant the eigenvalues, and makes hermitian the differential operator NM
with h(r) =
. The sectional curvature of the metric (18) is constant and negative
for any vectors u and v. Here R µ νρσ is the curvature tensor. Thus, the metric corresponds to a d-dimensional hyperbolic space H d . Note that the sectional curvature is independent of the dimension.
Thus, we can consider just the operator
in this hyperbolic space. It is notable that the constant E = (d − 1) 2 π 2 exactly eliminates the gap in the spectrum of the laplacian in H d , leavingD gapless.
Then, we consider the partition function in the thermal theory corresponding to (11) . In the Euclidean approach, and once the time coordinate is compactified (in our case we take β = 1 at the end of the calculation), the (d + 1) space-time is S 1 × H d , where S 1 is a circle of size β and H d is a d-dimensional hyperbolic space with sectional curvature −k 2 . The partition function Z(β) is related to the heat kernel [21] by
The heat kernel K(t) for a differential operator O is defined as
with K(t, x, y) = x|e −Ot |y . For the operator −∂ 2 t +D on the product manifold
Here,
is the regularized heat kernel of −∂
where K H d is the heat kernel of the hyperbolic space defined by a pure Laplace-Beltrami operator (E = 0 in (14)), and E is the constant given in (20) . Since the hyperbolic space is homogeneous the volume factorizes in the heat kernel,
In order to regularize the entropy, we have to cut off the ultraviolet modes near the surface of the sphere. This is done integrating up to a radius r < R − ε. Remarkably, this is seen as an Table 1 : Coefficients of the logarithmic term in the entanglement entropy associated to a sphere for even spacetime dimensions. infrared regulator in hyperbolic space, since r → R corresponds to an infinite geodesic distance limit. Expanding √ g in powers of ε = R − r, the volume integral can be written as
The coefficient
is a multiplicative factor in the coefficient of the logarithmic term of the entropy. From the Taylor expansion in (30) it follows that there is no logarithmic contribution to the entropy in odd spacetime dimensions since (quite mysteriously) q
= 0 in (31). Curiously, this is the only coefficient which vanishes in the series.
On the other hand, for odd spatial dimensions, d = 2m + 1, the heat kernel
with ρ the geodesic distance between x and y, and −k 2 = −4π 2 the sectional curvature. From this expression, it follows that for m ≥ 0, K H d (t, x, x) takes the general form
with P d (x) a polynomial. The exponential is due to the gap in the spectrum. We have P 1 (t) = 1, and we write
are rational numbers. Then, from (28) the exponential factor cancel, and we have
Finally, the entanglement entropy is obtained combining (12) , (24), (30) and (34). The coefficient of the logarithmic term is g 0 = −1/3 for d = 1, and
for d odd greater than one. Here the coefficients q Another class of interesting information measures are the Renyi entropies
These are usually computed using the replica method, and then the limit lim n→1 S n = S is taken to obtain the entropy. Here we can express S n in terms of the partition function
Then the logarithmic coefficient in the Renyi entropies (S n = g
These are rational functions of n which converge to non zero values for n → ∞. More explicitly, for d = 1, 3 and 5 we have
Final Remarks
Solodukhin [9] provided a general formula for the logarithmic coefficients in the entropy for d + 1 = 4 dimensions, in terms of conformal anomaly coefficients. In that work there is a free coefficient which was calibrated using the Ryu-Takayanagi holographic ansatz for the entanglement entropy of superconformal gauge theories. Our result g 0 = 1/90 for the logarithmic coefficient in four dimensions agrees with the Solodukhin formula (and also with the numerical results [11] ). We can thus turn the argument around, and conclude that our analytical result gives support to the holographic ansatz. The mapping of the problem on a sphere in flat space to one in a hyperbolic space is unexpected. However, it is known that the near horizon geometry of several black hole spacetimes is AdS space (which is spatially hyperbolic). Emparan also discusses the possibility to define the entropy in Rindler space approaching from a spatially hyperbolic space [23] . A map relating the entropy in S 1 × H d to a sphere was also used in the context of the AdS-CFT duality in [5] . It would be interesting to explore if the spectral problem of reduced density matrix for a sphere and different conformal theories, in particular the free massless fermion, can also be mapped to equivalent problems in H d .
Finally, we remark a curiosity of the result for two and four dimensions. In these cases the entanglement entropy of the sphere is equivalent to the one of a gas with the flat space entropy density, but living in hyperbolic space (the volume has to be calculated taking into account the curved geometry). In higher dimensions however, there are curvature corrections to the entropy density.
Note added
After the circulation of the present paper as a manuscript Dowker [24] presented a calculation of the coefficient g 0 for a sphere and a scalar field in any dimensions by a different method. His results agree with the ones in this paper. Also, Solodukhin [25] has shown the same logarithmic coefficients arise for the extremal black hole.
